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An analytical solution is  obtained to the problem of heating a hollow cyl inder  f rom an a rb i -  
t r a r y  heat source .  The asymptot ic  of the cha rac t e r i s t i c  equation is  der ived and the e igen-  
values of the corresponding S tu rm-Liouv i l l e  equation a re  tabulated.  

We cons ider  the problem of a t empera tu re  field O(p, q~, ~?, Fo) in a hollow fini te- length subjected to a 
heat  source  which moves  in an a r b i t r a r y  mode.  The heat  t r an s f e r  at both the inside and the outside su r -  
face of this cyl inder  p roceeds  according to Newton's law, while the end sur faces  a re  thermal ly  insulated.  

The problem reduces  to integrat ing the heat t r an s f e r  equation 

. . . . .  0 ~0 0O a2O -F 1 aO 1 0~--~-0 -F (k~t) z Jr Po fv (P, q), ~1, Fo) (1) 
a F--~ = ap ~ p " ap -+ p2 " aq)~ 

with initial and boundary conditions 

O(p, (p, rl, 0)=1,  (2) 

(00p0 --Bi~0)o=,= Ki/p(% rl, Fo), (3) 

( 0O +_l_l BizO / = 1  Bi2, (4) 
8p Po / o=o0 Po 

(90 

0(p, % ~1, Fo)~=o = 0(19, % ~1, Fo),~=2s (6) 

System (1)-(6) appears  in d imensionless  fo rm.  The introduction of an internal  heat  source  (Po)fv(p, 
(P, 7, Fo) genera l i zes  the p rob lem.  

The choice of functions fp@, ~?, Fo) and fv(P,  r 77, Fo) is  dictated by the t r a j e c t o r y ,  the velocity,  and 
by the space- t ime  distribution of the source  of thermal  flux densi ty .  

Using the method of finite in tegral  t r ans format ions  [1, 2] and the Duhamel theorem [3], we obtain the 
solution: 

F o  2 ~  ~ O(p, % rl, Fo)=O~(p, Fo)§  Ki ~ fp(~, ~, ~) 
0 0 0 

FO 2 ~  ~ 10 e 

• 02~ (p, r ~, "q, ~, Fo- -  L) dgd~dL + Po 0 

0 0 0 l 

;, ~)o~oCo, v, w, ~, n, ~, Fo--~,)dvd~d;a~, 

f~(7, ~, (7) 
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w h e r e  

1 - -  + l n p  
01 (p, Fo) = 1 1 {- :~ Bi~ A~V o Otp) exp ( ~  I~ ~ Fo). (8) 

Bi 1 F B-f~-h + tn P~ 

It can be shown tha t  02G(O, q~, } ,~7, ~ , F o ) i s a G r e e n f u n c t i o n ' o f  the second kind [4] f o r  p r o b l e m  (1)-(6) with 
Po  = 0, the expl ic i t  exp re s s ion  f o r  which is  

1 
0~ (p, % g, 'l, ~, Fo) ,t~ Z ~A~,~V~ (~p) exp [-- im (~ - -  ~)] 

r n , ~ ,  

Fo  

0 

with 0 (x, t) denot ing the Jacob i  the ta  funct ion [3] and 

A~m = {% (~p0 ~ + Bi~- m~) Ve~(~po)-- (~t~ + Bi~--m ~) }-'. (I0) 

An analysis of (7) will readily show that, if 

fv(P, ~, 'I, Vo)----8 [p -- (l + hp)] /p(% 'I, Fo), 

i .e. ,  if the internal heat source is located directly at the inside surface of the cylinder (which corresponds 
to a delta-type distribution of thermal flux density along coordinate p at point 1 + Ap), then the effect of 
each element acting independently is almost concurrent when Po = Ki. 

Summation over ~ in (9) is carried out over all positive roots of the equation 

/dlnV.~6tP)/- '  + P0 ----0, (ii) 
[ dp ']o=o~ Biz 

V,~ (p.p) = {(m - -  BiO Y,~ (p.) - -  I~Ym+l (p~)} Jm (l~P) 

+ {ixS,n+t (~t) - -  (m - -  Bi~) J,~ (~t)} V m (l~p) (12) 

whe re  (12) is  the k e r n e l  of a Hankel  t r a n s f o r m .  

The roo t s  of Eq.  (11) a r e  l i s t ed  in Tab le  1 f o r  va r ious  va lues  of P0, m,  and Bi 1 = (1/p0)Bi2. 

With the aid of r e s p e c t i v e  a sympto t i c  f o r m u l a s  [5] 

J,~(~)= ~ c o s  I~- - -~  m +  , 

J~+I(P~)---- 2 -  cos ~ - -  ~ -  m +  , 

(13) 

r~(') = 1/ ~ sin , - ~  m + -ff 

Y~§ (~)= ] /  sin -~'~ 

which are valid for [#i >>1 and Ip] >>m, we obtain the following asymptotic representation: 

v~(,p)~ ~,v--;2 { (Bil-m)sin~(p-,)+ ~os~(p-,) } 

Considering that the characteristic equation (11) can be made to appear as 

V,,, (~Po) ~o 
Vml (PP0) Bi2 

(14) 

(15) 

(16) 

where  
vml 6~p) = - -  d V m  (W_A) , 

~dp 
(17) 
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TABLE 1. Values  of the  Roo t s  of Eq .  (11) 

ih 

P: 
P~ 

[11 

0,5 

3,149 
31,741 

3,342 
31,755 

4,992 
78,750 

5,086 

7,064 
157,5 

7,133 

I 1 

I 4,435 
32,050 

I 4,536 
32,064 

I 7,047 
79,250 

t 7,115 

9,983 
157,7 

10,039 

Bil  

po---- 1,1; m=0 
6,221 7,557 32,6491 [ 9 , 6 0 2  33,227 34,318 
9o= 1,I; m ~ l  

6,294 7,618 32,663 [ [ 9,648 33,240 34,331 
Po = 1,04; m = 0 
9,934 12,126 I 15,552 

80,000 80,054 [ 81,507 
po ~ 1,04; m = l  
9,982 . I 12,166 15,582 
po= 1,02; m~O 

14,095 [ I7,235 22,175 
158,5 [ 159,0 160,0 

9o=1,02; m = l  
14,130 [ 17,263 22,197 

7,5 [ I0 

11,531 [ 13,066 
35,579 [ 36,738 

11,569 13,090 
35,592 I 36,751 

18,893 21,640 
84,006 I 84,501 

18,920 [ 21,662 

'[ 27,050 31,107 
161,5 t163,0 

I 27,065 [ 31,120 

we have  the fo l lowing a s y m p t o t i c  a p p r o x i m a t i o n  to Eq .  (16): 

(Bi: - -  m) + 1 (Bin + m) 
tg~  (p0__l) = P0 

~t ~ _ 1 (Bi2 § m) (Bi: - -  m) 
90 

which t o g e t h e r  with (15) and (18) y i e l d s  

V~ (VPo) = 4p_~o. (Bi: - -  m) 2 § ~2 

and,  consequen t ly ,  

n ~ (Bi~+m)2q --~2p~ ' 

(18) 

(19) 

A.,y,~ (~p) N !. (20) 

Solution (7) i s  qui te  g e n e r a l  and p r o v i d e s  a tool  fo r  ana lyz ing  a l a r g e  c l a s s  of v a r i o u s  hea t  s o u r c e s .  
In o r d e r  to a r r i v e  at  so lu t ions  which will  be  of p r a c t i c a l  va lue ,  h o w e v e r ,  it b e c o m e s  n e c e s s a r y  to p e r f o r m  
a t r i p l e  i n t e g r a t i o n .  This  d i f f icul ty  can be o v e r c o m e  in s o m e  c a s e s  when the t h e r m a l  f lux dens i ty  is  d i s -  
t r i bu t ed  a c c o r d i n g  to c e r t a i n  l a w s .  

In [6, 7] the t h e r m a l  flux dens i ty  was  def ined by a Gaus s i an  d i s t r i bu t i on .  A c c o r d i n g l y ,  l e t t ing  

with Po  = 0 and r e p l a c i n g  (7) by i t s  equ iva len t  

(p, % ~, Fo)----0: (p, F o ) -  Ki Z ~:A..Ym (~tp) 0 
rn ,~ ,q  

Xexp (- -  irn(p) cos q~l exp {-- [~  + (ka) z q2] Fo} 

Fo 2~; 

0 0 0 

we can eva lua t e  the  t r i p l e  i n t e g r a l  In solu t ion  (22) a s  fol lows:  

Fo 275 

0 0 0 

Fo 2~ 

0 0 
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• 1 
a V ~ -  S exp [ (~ 2 P %  ")'I cos q~d~} d.c 

0 

Fo 

-- S exp {[~ ~ (k#) 2 q~] "r} exp (ira P% ~) cos q (Pc. ~) 

0 

. .',m'+,q +o,.>). 
The following fo rmulas  have  been used he re :  

i ' l ~  exp,--Ox'--?x)cosbxdx: --~ V ~  `~ 4 ;  b>' 

0 

• [I-- r ( '-ib]2-'~-~-- ] ] -j- exp ~('-J-ib)'[l--r ~]j}' 

t (? - -  ib)' [ l__ r ( ?--ib ] ]  jexp(--~Jx'--yxq-ibx) dx= -~ Vr-~- exp 413 \~]J 
0 

and the asympto t ic  expansion for  Izl >>1, ' (3/4)~r + e < a rg  z < (3 /4 )v -e  (e >O): 

exp(--z2) [ t 3 ] V-~ [ 1 -  @ (z)] ~ 1-- - -  -t- - -  - - . . .  
2 2z 2z ~ 4z 4 ' 

z 

where  ,I, (z) = (2/rr) S .exp( -x2)dx  is  the probabi l i ty  in tegraI .  

In this  way,  the t e m p e r a t u r e  field due to a heat  source  of the f o r m  (21) is desc r ibed ,  within an 
a c c u r a c y  down to o(u), by the express ion  

O(p, q), rl, Fo)= 01(p, Fo ) - -K i  X ~t2Ag.y.~ (~p) exp (--  irn(p) 
m,N.,q 

Fo 

• cos (qn) exp {-- [,a ~ + (kn) 2 q~] Fo} j" [exp (ira P% T) 
0 

Cons ider ing  that the t e m p e r a t u r e  dis t r ibut ion produced  by a heat  source  of the f o r m  

can be e x p r e s s e d  as 

[p (% ~1, Fo) ---- 6 (q) - -  P% Fo) 6 (~t - -  P%Fo), 

0 (p, % ~, Fo) = O~ (P, F o ) -  K_i E it~Aa'Y'~ (~p) 
2n 

m , ~ , q  

• exp (-- imcp) cos (q~t) exp I-- [~2 -t- (kn) 2 q21 Fo} ' 

Fo 

• S exp t[1~ § (k~) 2 q~l T} exp (ira P% ~) cos q (P% ~) d~, 
0 

we now examine  the d i f fe rence  between solut ions (27) and (29) :  

Ki E A0(p, q), vl, Fo, 02) : ~ -  bt2A~mVn~(gp) exp(--imep) 
/'n, p,,q 

Fo 

• cos (q~l) exp {-- [~u ~ +(k~) 2 q2l Fo} S. exp (im P% ~) 
0 

(23) 

(24) 

(25) 

(26) 

(27) 

(28) 

(29) 
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• {1--exp [--+ (m2-r- q2)cs2]} " 
• exp {[~t 2 + (kz~) 2 q~] "c} d'~. (30) 

Since the calcula t ions  will be sufficiently accura te  at some m = m 0 and q = q0, we have 

[A0(p, % % Fo, cr2)[~Ki/ l - -exp [ - - l ( m o 2  +q~)a2]} 
• % % Fo) =M(9, 9, % Fo), (31) 

where the expression for M 0 can be easily derived from (30). 

Thus, the difference will not exceed a prescribed small magnitude M(p, ~o, 7, Fo), if the inequality 

holds t rue .  

2 1 
a2 ~ m~ -k q----~ In M (32) 

l- 
Ki M o 

Condition (32) defines the d i spers ion  range within which the t e m p e r a t u r e  field to a Gaussian heat  
source  will be approximated  with a given e r r o r  cor responding  to the r e spec t ive  Green function. 

The r e su l t s  given in [9-12] may  be viewed as specia l  c a se s  of solution (7). 

0, p, 
Bil ,  Bi 2 
Fo 
Ki 
Po 

Rl, R2 
X 
a 

T c , TO 
k 
Per 

Pe  v 

Jm (~P), Ym (#P) 
(r162 ~(~-v0) 

i s the 
is  the 
l s t h e  
s the 

is  the 
1 s the 
s the 

~s the 
s the 

~s the 
1 s the 
is  the 
s the 

is  the 
is  the 

N O T A T I O N  

d imens ion less  t e m p e r a t u r e  and space coordinates ;  
Biot number ;  
Four i e r  number ;  
Ki rp ichev  number ;  
P o m e r a n t s e v  number ;  
coeff ic ients  of in ternal  and externa l  heat  t r a n s f e r  r e spec t ive ly ;  
inside and outside radi i  of a hollow cyl inder  respec t ive ly ;  
t h e r m a l  conductivity; 
t he rma l  diffusivity; 
ambient  t e m p e r a t u r e s ;  
cy l inder  r ad ius - to - l eng th  rat io;  
d imens ion less  angular  velocity;  
d imens ion less  veloci ty along the V-axis; 
Besse l  functions; 
delta function. 
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